Let E be an elliptic curve. When the symmetric group Σ g+1 of order (g + 1)! acts on E g+1 in the natural way, the subgroup E g+1 0 , consisting of those (g + 1)-tuples whose coordinates sum to zero, is stable under the action of Σ g+1 . It is isomorphic to E g . This paper concerns the structure of the quotient variety E g /Σ when Σ is a subgroup of Σ g+1 generated by simple transpositions. In an earlier paper we observed that E g /Σ is a bundle over a suitable power, E N , with fibers that are products of projective spaces. This paper shows that E g /Σ has anétale cover by a product of copies of E and projective spaces with an abelian Galois group.
Introduction
Let A be an abelian variety. The problem of describing A/G when G is a finite subgroup of Aut(A) has attracted some attention. 1 See, for example, the introduction to [AL17] . By [AL17, Thm. 1.3], if A/G is smooth and dim(A G ) = 0, then A is a product of elliptic curves and A/G is a product of projective spaces. The authors of loc. cit. confine their attention to complex abelian varieties.
Let E be an elliptic curve and E g the product of g copies of E. This paper describes the structure of certain quotient varieties E g /Σ when Σ is a particular kind of finite subgroup of Aut(E g ).
We work over an algebraically closed field k.
1.1. Quotients of powers of an elliptic curve. Identify E g with the subgroup E g+1 0 of E g+1 consisting of those points whose coordinates sum to 0. The natural action of the symmetric group Σ g+1 of order (g + 1)! on E g+1 sends E g+1 0 to itself. Let Σ be a subgroup of Σ g+1 generated by some of the simple reflections (i, i + 1). The problem we address is this:
what is the structure of the quotient variety E g /Σ when E g is identified with E g+1 0 ?
To state our main result we need some notation. Let J := the points in {1, . . . , g + 1} fixed by Σ, I 1 , . . . , I s := the Σ-orbits in {1, . . . , g + 1} of size ≥ 2, Σ Iα := the group of permutations of I α ,
For m ∈ Z, let m : E → E be the multiplication by m map and let E[m] denote its kernel. Define
where the morphism on the right is the map
In [CKS19] we showed E g /Σ is a bundle over E |J|+s−1 with fibers isomorphic to P i 1 −1 × · · · × P is−1 (see Proposition 2.1 below). The main result in this paper provides a niceétale cover of E g /Σ.
Theorem 1.1. Assume char(k) does not divide the product i 1 · · · i s .
(1) If J = ∅, there is anétale cover
As is well-known, E g /Σ g+1 ∼ = P g . When Σ = Σ g+1 , dim((E g ) Σ ) ≥ 1 so our work is "orthogonal" to that in [AL17] .
Another simple case of this theorem is the fact that the symmetric power, S r E, is the quotient of E × P r−1 with respect to a free action of E[r].
1.2.
Origin of the problem. The question in (1-1) came up when we were studying the elliptic algebras Q n,k (E, τ ) introduced by Feigin and Odesskii in the late 1980's [FO89, OF89] . Much of the representation theory of Q n,k (E, τ ) is controlled by its "characteristic variety". The main result in [CKS19] shows that the characteristic variety, which was defined by Feigin and Odesskii in terms of the sheaf L n/k defined in §1.4 below, is a quotient, E g /Σ, of the form described in §1.1.
Thus, the question "what is the structure of the characteristic variety" reduces to a problem in algebraic geometry that is of interest independently of its connection to Feigin and Odesskii's algebras.
1.2.1. The remarks in [OF89, §3.3] suggest that some part of the results in this paper may have been known to Feigin and Odesskii in the late 1980's. However, they did not describe the characteristic variety as a quotient of E g or provide proofs of their remarks in [OF89, §3.3] so we are doing that here. The proofs were not obvious to us.
1.3. Relation to a Fourier-Mukai transform. Another indication of the significance of E g /Σ is its relation to one of the most famous Fourier-Mukai transforms.
Let E(k, n) denote the set of isomorphism classes of indecomposable locally free O E -modules of rank k and degree n. Suppose that n > k ≥ 1 are coprime. There is a well-known auto-equivalence of the bounded derived category D b (coh(E)) that sends E(1, 0) bijectively to E(k, n); that auto-equivalence is the Fourier-Mukai transform associated to a bundle on E × E. There is a less well-known way to obtain such an auto-equivalence: there is an integer g ≥ 2 and an invertible O E g -module L n/k such that the functor R pr 1 * (L n/k ⊗ L pr * g ( · )) is an auto-equivalence of D b (coh(E)) that sends E(1, 0) bijectively to E(k, n). Since L n/k is generated by its global sections and dim H 0 (E g , L n/k ) = n one can ask for a description of the image of the morphism
The characteristic variety in §1.2 is, by definition, the image of Φ. It is of the form E g /Σ.
We refer the reader to [CKS19, § §1.2, 1.3] for more about this.
1.4. The integer g and the sheaf L n/k . We now explain how g and L n/k are determined by the pair (n, k) when n > k ≥ 1 and gcd{n, k} = 1. Given a locally free O E -module F , we denote by
The following question arises: given A ∈ PSL(2, Z) such that A · 0 1 = n k , express A in terms of the "standard generators"
There are unique integers g ≥ 1 and n 1 , . . . , n g , all ≥ 2, such that
This is the origin of the integer g and the integers n 1 , . . . , n g 2 that are used to construct L n/k according to the formula
is the projection to the j th factor, and pr j,j+1 : E g → E 2 is the projection to the j th and (j + 1) th factors. The partition {1, . . . , g +1} = J ⊔I 1 ⊔· · ·⊔I s corresponds to factorizations E g+1 = E J ×E I 1 ×· · ·×E Is and Σ = Σ I 1 × · · · × Σ Is . It follows that
where S Iα E = E Iα /Σ Iα is the symmetric power of E of dimension i α . We also write S iα E for S Iα E. As is well-known, the summation function sum : S r E → E presents S r E as a P r−1 bundle over E. Thus, E g+1 /Σ is a bundle over E J × E s with fibers isomorphic to P i 1 −1 × · · · × P is−1 .
Proposition 2.1. [CKS19, Prop. 1.3, Prop. 4.23] With the above notation, E g /Σ is a bundle over E |J|+s−1 with fibers isomorphic to P i 1 −1 × · · · × P is−1 . More precisely,
where (S i 1 E × · · · × S is E) 0 denotes the subvariety of S i 1 E × · · · × S is E whose coordinates sum to 0.
2.2. Anétale cover of S r E. Recall that E[r] denotes the r-torsion subgroup of E. We will now show that S r E is a quotient of E × P r−1 with respect to a free action of E[r].
We first recall the following result on free finite group actions.
Proposition 2.2. Let G be a finite group acting freely on a variety X over k. Then, the quotient π : X → X/G is finiteétale.
Proof. According to [Mum08, §12, Thm. 1] the quotient is finite, faithfully flat and locally free. The same result also confirms that the canonical map
It follows that the pullback π 1 : X × X/G X → X of π along itself isétale, being isomorphic to the second projection G × X → X. The fact that π itself iś etale now follows from [Len, Thm. 5.8] together with its aforementioned properties: finiteness, faithful flatness (hence surjectivity) and local freeness. Proof. Denoting the Lie algebra of E by V , the differential dΨ at the origin is the map
0 denotes the set of r-tuples in V summing to 0. This map is an isomorphism precisely when char k does not divide r, so that condition is indeed necessary.
As for sufficiency, identify E[r] with the subgroup
. . , ξ, −ξ) and observe that the action of E[r] in (2-4) becomes identified with the translation action of T . Ψ now induces a bijection (E r 0 × E)/T → E r of abelian varieties whose differential is injective on tangent spaces (because it is so at the origin). The fact that this map is an isomorphism now follows from [Har92, Cor. 14.10], and theétaleness claim follows from Proposition 2.2.
The point in S r E that is the image of (x 1 , . . . , x r ) ∈ E r will be denoted by ((x 1 , . . . , x r ) ).
In the next lemma, we identify P r−1 with the subvariety S r 0 E ⊆ S r E consisting of those points whose coordinates sum to zero. We define the action of a point
This is a free action of E[r] on P r−1 × E = S r 0 E × E simply because translation by −ξ is a free action. Lemma 2.4. The map Φ : P r−1 × E → S r E given by the formula Proof. Let Ψ : E r 0 × E → E r be the morphism in (2-3). Let β : E r → S r E be the natural map, i.e., the quotient with respect to the natural action of Σ r , and let α :
The diagram
is commutative, and α is equivariant for the actions of E[r] on E r 0 × E and S r 0 E × E in (2-4) and (2-5). We observed in the proof of Lemma 2.3 that Ψ does not induce an isomorphism on tangent spaces when char(k) divides r. On the other hand, the symmetric group actions are free on open dense subschemes of the left-hand corners of the diagram, so Φ is notétale when char(k) divides r.
Conversely, assume that char(k) does not divide r.
The action of Σ r on E r 0 ×E permuting the first r coordinates and leaving the last coordinate unchanged commutes with the action of E[r], so there is an action of Σ r × E[r] on E r 0 × E. Since Ψ is the quotient with respect to the action of E[r] and β the quotient with respect to the action of Σ r , the morphism βΨ : E r 0 × E → S r E is the quotient with respect to the action of Σ r × E[r]. In other words, Φα is the quotient with respect to the action of Σ r × E[r]. But S r 0 E is the quotient of E r 0 with respect to the action of Σ r , so α is also the quotient with respect to the action of Σ r on E r 0 × E. It follows that Φ must be the quotient with respect to the action of E[r] on S r 0 E × E; one proves this by showing that Φ has the appropriate universal property for morphisms S r 0 E × E → X that are constant on E[r]-orbits. Since the action of E[r] on S r 0 E × E is free, Φ isétale by Proposition 2.2. The next two results extend Lemma 2.4 to E g /Σ using its description in (2-2).
2.3. The case J = ∅. First, the easy case.
Proposition 2.5. Assume char(k) does not divide the product i 1 · · · i s . If J = ∅, there is anétale cover
Proof. In this proof we identify each P iα−1 in the statement of the proposition with S iα 0 E, the subvariety of S iα E = S Iα E consisting of those points whose coordinates sum to 0.
Since J = ∅, E g /Σ ∼ = E |J|−1 × S i 1 E × · · · × S is E. By combining the maps in (2-6) for each S iα E, it follows from Lemma 2.4 that there is anétale cover
To make the action of Γ explicit, we write the domain in (2-7) as
where y ∈ E |J|−1 , each z α is in E, and each x α is in S iα 0 E. If ξ = (ξ 1 , . . . , ξ s ) ∈ Γ, then E g /Σ is the quotient of E |J|−1 × E s × S i 1 0 E × · · · × S is 0 E with respect to the action ξ ⊲ (y, z 1 , . . . , z s , x 1 , . . . , x s ) = (y, z 1 − ξ 1 , . . . , z s − ξ s , ξ 1 ⊲ x 1 , . . . , ξ s ⊲ x s ) where ξ α ⊲ x α = ξ α ⊲ ((x α,1 , x α,2 , . . . , x α,iα )) = ((x α,1 + ξ α , x α,2 + ξ α , . . . , x α,iα + ξ α )) for α = 1, . . . , s.
2.4. The case J = ∅. Assume J = ∅.
In this case, E g /Σ ∼ = S i 1 E × · · · × S is E 0 . It follows from Lemma 2.4 that there is anétale cover
given by the formula Ψ(z 1 , . . . , z s , x 1 , . . . , x s ) := (x 1 + z 1 , . . . , x s + z s ) = ((x 1,1 + z 1 , . . . , x 1,i 1 + z 1 )), . . . , ((x s,1 + z s , . . . , x s,is + z s )) .
The point Ψ(z 1 , . . . , z s , x 1 , . . . , x s ) belongs to S i 1 E × · · · × S is E 0 if and only if i 1 z 1 + · · · + i s z s = 0.
The map Θ : E s → E defined by
(2-10) Θ(z 1 , . . . , z s ) := i 1 z 1 + · · · + i s z s is a group homomorphism, and theétale cover Ψ restricts to anétale cover
Lemma 2.6. The kernel of the homomorphism Θ : E s → E defined by the formula Proof. Multiplication by some invertible matrix M ∈ GL s (Z) implements the transformation (i 1 , i 2 , . . . , i s ) → (d, 0, . . . , 0).
Composing Θ with the automorphism of E s corresponding to the transpose M t of M will produce the morphism Θ • M t : (z 1 , z 2 , . . . , z s ) → (dz 1 , 0, . . . , 0), whose kernel is as described in the statement.
Proposition 2.7. Assume char(k) does not divide the product i 1 · · · i s . If J = ∅, there is anétale cover
Proof. Let Θ be the map in (2-12) and let ker(Θ) 0 be the connected component of the identity in the algebraic group ker(Θ).
We have already seen that (2-11) provides anétale cover Ψ with Galois group Γ := E[i 1 ] × · · · × E[i s ]. By Lemma 2.6, the domain of that cover is a disjoint union of d 2 copies of E s−1 × P i 1 −1 × · · · × P is−1 and, since the codomain is connected, the restriction of Ψ to any one of those copies/sheets is anétale cover, and the stabilizer of that sheet in Γ is the Galois group. In particular, the sheet ker(Θ) 0 ×S i 1 0 E×· · ·×S is 0 E provides anétale cover; it is immediate that the stabilizer group in Γ of this sheet is the right-hand side of (1-2). This concludes the proof. Theorem 1.1 is obtained by combining the results in Propositions 2.5 and 2.7.
